We extend previous work on antifield dependent local BRST cohomology for matter coupled gauge theories of Yang-Mills type to the case of gauge groups that involve free abelian factors. More precisely, we first investigate in a model independent way how the dynamics enters the computation of the cohomology for a general class of Lagrangians in general spacetime dimensions. We then discuss explicit solutions in the case of specific models. Our analysis has implications for the structure of characteristic cohomology and for consistent deformations of the classical models, as well as for divergences/counterterms and for gauge anomalies that may appear during perturbative quantization.
Introduction
The use of systematic algebraic methods has proved extremely useful in the context of renormalization of vector gauge models [1] . A subsequent reformulation in terms of the effective action [2] streamlines the analysis (see [3] for a review) and has paved the way for generalizations to generic gauge systems [4] . In this context, a detailed understanding of how the antifield dependent BRST differential encodes the information about gauge symmetries and dynamics [5] is a pre-requisite for the computation of the relevant cohomologies.
It turns out that it is the antifield dependent BRST cohomology computed in the space of local functionals that is needed for perturbative quantization and renormalization of gauge models. Indeed, even when no power counting restrictions are imposed [6] , these cohomology classes control in a gauge independent way both anomalies (in ghost number 1) and non-trivial divergences/counterterms (in ghost number 0) that cannot be absorbed by a field-antifield redefinition, including a change of gauge [7] .
The antifield dependent part of the cohomology depends on the dynamics of the model through (generalized) conservation laws and global symmetries and their interplay with the gauge structure [8, 9] . In the case of semi-simple gauge groups, this dependence can only occur through gauge invariant conserved currents, and is absent in ghost numbers 0 and 1 . As a consequence, there is no non-trivial renormalization of the BRST symmetry itself since it is encoded in the antifield dependent part of the master action.
If there are abelian factors, the situation becomes more involved (see [10, 11] for an early analysis) and additional antifield dependent cohomology may appear, both in ghost number 0 and in ghost number 1. If some of these abelian factors are free in the sense that the matter fields do not transform under the associated gauge transformations, the antifield dependence becomes even more complicated. From the point of view of renormalization of vector gauge theories, such models are usually not considered even though they should in case the model is not completely free. For instance, in the bosonic sector of supergravity models with gravity switched off, there typically are couplings of the curvatures of the vector gauge fields to the scalar fields.
Besides non-trivial divergences/counterterms, antifield dependent BRST cohomology in ghost number 0 also controls non-trivial deformations, so-called gaugings. The problem of systematically finding all such gaugings has recently attracted renewed interest in the context of supergravities (see [12] for a review). In this case, free abelian factors feature prominently from the very beginning. It is this question that consitutes the main motivation behind the present analysis (see [13] for more details and the companion paper [14] for detailed results in 4 dimensions with only free abelian factors).
It is thus of interest to have as complete results as possible on these cohomologies. Besides the illustration of how the complicated antifield dependence of the cohomology leads to standard nonabelian Yang-Mills models when starting from pure, free abelian vector fields, section 12 of reference [9] outlines how to proceed in more general cases with non trivial couplings to matter fields. More precisely, the equations that are affected by the modified dynamics have been identified, and a case by case analysis has been suggested.
The purpose of the present paper is to formulate in detail and in a model independent way the dynamical equations to be solved and how they appear as building blocks in the charcaterization of the cohomology, before working out explicit results in specific models.
In the case without free abelian vector fields, this had already been done in the review [15] by following a different strategy than the one adopted in [8, 9] : instead of computing the cohomology by attacking the cocycle condition in top form degree at highest antifield number, one starts the analysis from the bottom of the descent equations. The advantages of this modified strategy are twofold: (i) The equivariant characteristic cohomology can be determined together with the antifield dependent local BRST cohomology in a unified and streamlined proof, and (ii) one may forgo the technical assumption of normality. More precisely, for the approach of [8, 9] to be viable, one needs to prove that various expansions have bounded antifield number. This can be done by suitable assumptions on the number of derivatives in the interactions. Effective theories are however not normal in this sense. In this case, one needs to consider the space of formal power series in the couplings constants, the fields, antifields and their derivatives, so that the antifield number may be unbounded. The approach of [15] allows one to cover both situations simultaneously. That is why the terminology "normal theories" was extended so as to include effective theories with unbounded expansions and no additional assumptions on derivatives (see sections 5.3, 6.4.3 and 7.3 of [15] for details).
The present paper completes the results obtained in [15] to the case where there are free abelian gauge fields. The analysis is valid in all spacetime dimensions greater than or equal to three. In the present case, the dynamics enters the problem non-trivially already at form degree n´2 and involves two additional building blocks.
In the next section, we summarize the ingredients of [15] needed for a self-contained presentation of the main results. In addition, we provide a new characterisation in terms of suitable Young tableaux of antifield independent local BRST cohomology [16] [17] [18] [19] [20] in the case where there are only abelian factors. Our analysis extends the considerations in [21] and allows one to make contact with the topological gaugings of [22] . Section 3 is devoted to the statement of the main theorem on the local BRST cohomology Hps|dq and its implications for characteristic cohomology and for infinitesimal gaugings. In section 4, the general results are illustrated in the cases of vector and vector-scalar models in various dimensions. Finally, appendix A contains our conventions regarding forms, while appendix B contains the recursive proof of the main theorem.
BRST-BV differential for Yang-Mills type theories
Basic definitions. The generic Yang-Mills-type gauge algebra g that we consider is a direct sum of several abelian and simple Lie algebras. In a basis t I of g we have rt I , t J s " t K f K IJ , I, J, K P t1, . . . , dimpgqu . We denote by I the space of g -invariant local functions in
. . , where
are, respectively, the components of the field strengths, the gauge one-forms, the g -covariant derivatives of the field strengths and of the (scalar or spinorial) matter fields ψ i . The latter transform in a dim ψ -dimensional representation of g with matrices tT I i j u I"1,...,dimpgq , i, j P t1, . . . , dim ψ u . The solution of the BV master equation for Yang-Mills theories is given by
When introducing the antifield number antifd, which assigns antifield numbers 0 to the fields and ghosts, 1 to A˚µ I , ψi and 2 to CI , the associated BRST differential decomposes into s " pS p0q ,¨q " δ`γ , where the longitudinal differential γ preserves the antifield number and the Koszul-Tate differential δ decreases the antifield number by 1. For more details on the Koszul-Tate differential and its relevance for the conservation laws and rigid symmetries of a local theory, see [23] as well as sections 5 and 6 of [15] .
Small algebra and descent of equations. The small algebra B is defined to be the algebra of polynomials in the undifferentiated ghosts, the gauge field 1-forms and their exterior derivatives. In the review [15] , following the orginal work [17] , a basis of H˚, p ps, Bq, adapted to the computation of H˚,˚ps|dq, Bq, was constructed in terms of forms M and N satisfying
for suitably defined B p´1 , B p`1 and b p`1 in B . As a consequence, a basis of H˚,˚ps|d, Bq is provided by the B's and the M's and 1. We will not reproduce explicit expressions here but refer instead to [15] , sections 10.5-10.7.
If the gauge group G contains only N abelian factors, we now provide an alternative adapted basis, that is more suitable for our purpose below. Indeed, a basis of H˚ps, Bq is provided by 1 together with all the homogeneous polynomials p b,k " t Jpbq;Irks F Jpbq C Irks of degree b in the F J 's and of degree k in the C I 's. Here, we have used the notation F Jpbq " F J 1 . . . F J b , and similarly for C Irks " Cin terms of constant tensors
In other words, the constants λ J 1 ...J b`1 ,I 1 ...I k´1 transform in the GLpNq Young tableau associated with an upper row of length b`1 whose boxes are filled with the indices tJ 1 , . . . , J b`1 u , while all the lower rows are of length one and filled with the indices tI 1 , . . . , I k´1 u . Based on these properties, one can check that:
(i) Together with 1, these M's and N's do define a basis of H˚ps, Bq. Indeed, any polynomial p b,k " t Jpbq;Irks F Jpbq C Irks is represented by a GLpNq reducible tensor t Jpbq;Irks . The latter decomposes in the direct sum of irreducible tensors λ Jpb`1q,Irk´1s and λ Jpbq,Irks . For example, the decomposition of the reducible tensor t Jp2q;Ir3s " t J 1 J 2 ;
can be depicted as follows:
(ii) The following descent equations hold
Following the arguments given in [15] , it then follows that a basis of H˚,˚ps|d, Bq is given by 1,
One may now compute the dimensions of H˚,˚ps|d, Bq and compare to those given in [21] . From equations (2.5), (2.6), (2.11) and the theorems 9.1 and 9.2 of [15] , H q,2p ps|d, Bq and H q´1,2p`1 ps|d, Bq are isomorphic. The dimension of H q,2p ps|d, Bq is simply given by the independent components of the tensor
In other words, h p,q :" dimpH q,2p ps|d, Bqq is equal to the dimension of the GLpNq Young tableau 12) which is [24] 
In [21] , the dimensions h p,q were encoded in the generating function
To show that these dimensions indeed agree, we first expand the geometric series,
then expand p1`yq p and collect the coefficient of x p y q :
where n C k :" n! pn´kq!k! are the binomial coefficients andÑ :" N´q ě 0 . If we now view h p,q as a function of the non-negative integerÑ and define σpÑq :" h p,q { p`q´1 C q´1 , we can determine it by induction using
It is then easy to see that the solution is σpÑ q "Ñ`p`qCÑ . This gives h p,q "
pÑ`p`qq! N !pp`qqp!pq´1q! and then (2.13) when using the definition ofÑ .
The main theorem
In this section, theorem 11.1 of [15] is extended so as to include free abelian factors. As a consequence, there now exists non-trivial characteristic cohomology already in form degree n´2 , H n´2 char pdq -H´2
,n ps|dq [8, 9] , which in turn considerably enriches H g,n ps|dq in ghost numbers g greater than´2.
The plan of this section is as follows. In subsection 3.1, we spell out the assumptions underlying the theorem. In subsection 3.2, we start by classifying elements of characteristic cohomology H n´k char pdq, for k " 1, 2 according to the shortest length of descent of the associated elements of H´k ,n ps|dq . In subsection 3.3, we list the main building blocks needed for the theorem. The theorem itself is stated in subsection 3.4 and proved by induction in appendix B. As a first corollary to the theorem, we provide a complete discussion of non-covariantizable characteristic cohomology and its relation to equivariant characteristic cohomology in subsections 3.5 and 3.6. Finally, we discuss implications for infinitesimal deformations in subsection 3.7.
Assumptions
Our assumptions are as follows: a) There are free abelian gauge fields: the gauge group contains abelian factors such that the corresponding gauge transformations on the abelian gauge fields tA I f a µ u and on the matter fields tψ i u are δ ǫ I f a A I f a µ " B µ ǫ I f a and δ ǫ I f a ψ i " 0 . In other words, the matter fields are uncharged under the free abelian factors. This has the consequence that the action of the BRST differential s on the CI f a gives no contributions in the antifields ψi and only produces δCI e) There are only matter and vector fields and the only gauge invariance is of Yang-Mills type with a reductive 2 gauge algebra g .
Comments on characteristic cohomology
Under our assumptions, it is shown in [8, 9, 15] that characteristic cohomology in degree n´2 is isomorphic to H´2 ,n ps|dq , a basis being given by
where the index I f a is restricted to run over the free abelian factors. The associated descent equations start with
In this case, characteristic cohomology in degree n´2 is represented by the
By applying s to the last equation, one then gets dsk n´2 I f a " 0 , which implies
From the general analysis of descent equations (see sections 9.2 and 9.3 of [15] ), it follows that the shortest length of the descent, also called depth below, allows one to distinguish elements of H´2 ,n ps|dq . More precisely, we split the elements into those for which the descent stops at form degree n´2 and ghost number 0 , and those for which r 
For characteristic cohomology in degree n´1, we consider the descent equations starting with sω´1
,n`d ω 0,n´1 " 0 . In this case, characteristic cohomology in degree n´1 is represented by the antifield independent part of ω 0,n´1 . For the shortest descent, one has sω 0,n´1 " 0 and a basis for pn´1q -forms at the bottom of the descent is denoted by j ∆ .
Finally, the equation P 
Ingredients
The theorem rests on the following "elementary" descent equations:
1. For all non-trivial solutions to the descent equations in B , we have equation (2.4): sB
In particular, for Θ α a basis of the s cohomology in the space of undifferentiated ghosts, we have
Note that the obstruction N 's constitute a basis in the sense that dI
, and λ a k a « dη n´3 ñ λ a " 0. They are related to the n -forms d n x Cå through the chain:
We then define the pn´1q -forms T aα and the n -forms U aα via
They satisfy
3. The characteristic classes 3 in form degree n´1 that are on-shell trivial in I can only exist for n odd since the curvatures are two-forms. Let
n´2 A P I , denote a basis of such characteristic classes: P n´1 pF q « dI n´2 , I n´2 P I implies that P n´1 " λĀPĀ, with λĀPĀ " 0 ñ λĀ " 0 . On the other hand, as for any characteristic class,
for an pn´2q -form q n´2 A R I , of the "Chern-Simons" type. Together with the defining property that
When taking into account (3.4) and defining ‹A˚Ā :" λ
one gets the following descent equations
gives rise to non-covariantizable characteristic cohomology in degree n´2, and is thus related to d n xCÅ, but at this stage there could be more of the latter. A consequence of the theorem will be that there is not and that the indices A andĀ can be identified. This is analyzed in section 3.5.
4. Let tN γ u be a basis for linear combinations of the elements of the form P n´1 A pF qΘ α P Hpsq that are at the same time obstructions to lifts in form degree n´1 in the small algebra. A basis of the latter is denoted by tN i u, see [8] , section 10.5. One can choose the basis such that the N γ 's contain in particular the characteristic classes P n´1 A pF q themselves, in which case Θ α " 1 . Indeed, every characteristic class is an obstruction to the lift of an element in B , which amounts to saying that tN i u contains a basis of all P pF q's. By the definition of tN γ u , one has 12) where the second equality requires (3.10) and (3.11) and the third one uses the invariance of the basis tΘ α u together with (3.5).
On the other hand, because N γ P tN i u one has kĀ
This follows directly from the analysis of the descent equations in the small algebra of [8] , subsection 10.6. One has ps`dqM r 1 ..
The equation for N γ is the one in form degree s`2mpr 1 q , while the searched for relation is the one in form degree s`2mpr 1 q`1 . Now, defining
14)
it is direct to check that the following equations are satisfied:
5. We can repeat the analysis of the previous item in form degree n and consider characteristic classes P n pF q that are on-shell d -trivial in I . They can only exist for even n. We denote a basis of such classes by P A pF q:
A . This allows us to construct the non-covariantizable on-shell conserved currents
with associated K A linear in the antifields such that sK A`d j A " 0 . Let N Γ denote a basis for the elements of the form P A pF qΘ α P Hpsq that are at the same time obstructions to lifts in form degree n in the small algebra. We have
We then obtain
6. A basis for gauge-invariant, non-trivial Noether currents is given by elements
Each of these elements satisfies dj ∆ « 0 and dI
Statement of the theorem
The theorem generalizes theorem 11.1 of [15] . It decomposes into four items. The first characterizes the general solution of the cocycle condition sω p`d ω p´1 " 0, up to trivial ones. The second makes precise their linear dependence. The third item discusses the decomposition of an invariant form that is d -exact on-shell, while the fourth item parametrizes characteristic classes that are trivial in Hc har pd, Iq . Equivalence in H g,n ps|dq is denoted by ":
Theorem (i) The general solution of the cocycle condition sω p`d ω p´1 " 0 is given by
where µ aα , µ γ is the most general solution to the obstruction equation, 23) and where elements with the subscript pµq vanish when the µ's vanish.
(
if and only if
it is the sum of a characteristic class and a piece which is trivial in H p char pd, Iq :
(iv) No non-trivial characteristic class in form degree strictly less than n´1 is trivial in H char pd, Iq,
Note that, by definition, in form degrees n´1 and n, characteristic classes that are trivial in H char pd, Iq can be written as linear combinations of the bases elements PĀ, P A :
3.5 Structure of characteristic cohomology in degree n-2
We have shown that every characteristic class that is weakly d exact in I for form degrees n´1 and n gives rise to non-covariantizable characteristic cohomology in degrees n´2 and n´1 . What remains to be analyzed is the converse. Characteristic cohomology in form degree n´2 is isomorphic to H´2 ,n ps|dq (see e.g. Theorem 7.1 of [15] ; there can be no constant since we assume n ą 2 ). Only U aα and R γ contain ghost number´2 pieces, see (3.8) and (3.15) , and this requires that the pure-ghost part of them should vanish, i.e., Θ α " 1 . In this case N 2 β " 0 and equation (3.23) 
Since we can choose the basis N γ to include the PĀ and since, with Θ α " 1 , the characteristic classes PĀ's are actually equivalent to the N γ 's from the very definition of the latter, we can take kĀ γ " δĀ γ and therefore
Since the first piece corresponds to covariantizable characteristic cohomology, we have shown that non-covariantizable characteristic cohomology in degree n´2 is exhausted by the classes related to d n xC˚Ā which are explicitly given by B n´2 γ´δĀ γ I n´2 A , see equation (3.11) . The former term satisfies
is satisfied with b n´1 γ " 0 and we recall that we chose kĀ γ " δĀ γ . We have thus shown that non-covariantizable characteristic cohomology is exhausted by characteristic classes that become trivial on-shell and that, by a change of basis, the indicesĀ and A can be identified.
In form degree n´2, we thus have a direct sum decomposition of characteristic cohomology into U-type, which is covariantizable and related to µ a with associated elements of H´2 ,n ps|dq of depth 2, and R-type, which is non-covariantizable and related to µĀ, with associated elements of H´2
,n ps|dq of depth at least 3 that can only exist in odd spacetime dimensions.
Structure of characteristic cohomology in degree n-1
Characteristic cohomology in form degree n´1 is isomorphic to H´1 ,n ps|dq . From expression (3.22) one can see that the elements of ω n with antifield number 1 but not 2 should be multiplied by Θ α " 1 . In this case, it follows from the definition of N Γ that the P A 's are equivalent to the N Γ 's and we can choose k
This leads to the following decomposition:
V -type corresponds to the elements λ ∆ K ∆ of H´1 ,n ps|dq that have depth 1 and the associated covariantizable characteristic cohomology is λ ∆ j ∆ .
W -type corresponds to the elements λ A K A of H´1 ,n ps|dq that have depth at least 2 with associated non-covariantizable characteristic cohomology given by λ A pB
, see item 5 in section 3.3.
In order to work out the last terms, the ghost number´1 part of the µ part, we need to combine the pieces in U aα having strictly positive antifield number (1 and 2) with corresponding Θ α 's given by an abelian ghost C I ab , so that rΘ α s 2 " 0 and N 2 α " F I ab . For terms related to µ γ to exist, one needs to be in odd spacetime dimensions so that the N γ :" kĀ α γ PĀΘ α can exist. One should also have that kĀ α γ Θ α be in ghost number 1 -see the expression for R γ in (3.15). On the one hand, from eq. (10.18) of [8] and eq. (2.6),
On the other hand, this needs to be equal to a linear combination of PĀC I ab . The gauge group thus needs to contain at least two abelian factors and hence two different PĀpF q's containing abelian field strengths. In turn, this requires at least two different free abelian factors -recall that the PĀpF q's are related to the characteristic cohomology in degree n´2 and hence to CÅ . Putting everything together, the expression for rµ aα U aα`µ γ R γ`K nα µ Θ α s´1 looks as follows
The condition that this defines additional H´1 ,n ps|dq cohomology and thus additional characteristic cohomology in form degree n´1 is the existence of particular P 
The associated characteristic cohomology in degree n´1 is determined by the antifield independent part of
depends explicitly on A I ab . The argument that no allowed redefinition makes these additional characteristic cohomology classes invariant goes as follows: suppose that one of these classes could be made equivalent to a combination of j ∆ . Then the BRST extension ω 0,n´1 that contains that class would satisfy ω 0,n´1 " λ ∆ j ∆ . In turn, this implies that the associated ω´1 ,n " λ ∆ K ∆ . But part (ii) of the theorem then shows that this implies that the coefficients of all these terms vanish separately. 
Structure of infinitesimal deformations
where the ghost number is indicated in the superscript of the last term between square bracket; the form degree of the quantity between square bracket is n . According to item (ii) of the theorem, such a solution is non-trivial whenever I n ff dω n´1 , which is equivalent to saying that I n is not expressed as in (3.25) , and the other terms in the expression of ω 0,n do not vanish.
More precisely, non-trivial solutions ω 0,n can be decomposed into the following linearly independent types:
• I-type: non trivial elements I n " d n x I inv prF, ψsq P I ;
• B-type: B 0,n is a linear combination of the independent Chern-Simons n forms
therefore they only arise in odd spacetime dimensions n " s`2mprq´1 ;
• V -type:
∆ A I ab q, they correspond to standard gaugings obtained from minimal coupling of abelian gauge fields to covariantizable conserved Noether currents;
• W -type: for W 0,n , the spacetime dimension needs to be even and one needs a relation
A pF qΘ α at ghost number 1 , so that b n Γ in the expression of W Γ in (3.19) has ghost number zero. The left hand side of the previous equation is of the form
This needs to be equal to a linear combination of P A pF qC I ab . The gauge group thus needs to contain at least two abelian factors and two different P A pF q's containing abelian field strengths. For an example see equation (12.4) of [15] . Although it illustrates these classes, the Lagrangian used there is not covered by theorem 11.1 of [15] since it contains free abelian gauge fields. It fits perfectly however in the present context, and is treated in more detail in [14] .
• U-type correspond to solutions to the obstruction equation (3.32) with vanishing µ γ and non-vanishing µ aα . In ghost number 0, they are related to covariantizable characteristic cohomology in degree n´2 through the parameters µ a I ab J ab and contain
where B I ab " B{BC I ab . In general, these terms might need to be supplemented by terms of the form K • R-type correspond to solutions to the obstruction equation (3.32) with non-vanishing µ γ 's. The dimension n of spacetime needs to be odd for the existence of N n´1 γ and we must have that b n γ has ghost number zero, which implies that ghpb n´1 γ q " 1 and hence ghpN γ q " 2 . Since the θ r 's have odd ghost number, the ghost degree of N γ is carried by the product of two abelian ghosts. Therefore, from eq. (10.18) of [15] and from (2.6), the linear combination
and this needs to be equal to a linear combination of PĀpF qC I ab C J ab . The gauge group thus needs to contain at least three abelian factors and three different PĀpF q's containing abelian field strengths. In turn, this requires at least 3 free abelian factors.
Finally, we note from (3.15) that rµ γ R γ s 0 terms contains a piece linear in the antighost C˚Ā , and that these terms might need to be supplemented by terms of the form rµ aα U aα s 0 and K A similar analysis can be performed for anomaly candidates by spelling out the classes in ghost number 1.
Applications

No free abelian factors
If the gauge group contains no free abelian factors, there is no characteristic cohomology in degree n´2, H n´2 char pdq » H´2 ,n ps|dq vanishes. This implies the absence of k n´2 a and the associated T aα and U aα on the one hand, and also the absence of PĀ, and the associated W γ and R γ , on the other. In other words, 
Chern-Simons theory
We consider pure Chern-Simons theory, as was done in the section 14 of [15] , but now as a particular case of the present approach, instead of an AKSZ-type approach with complete ladder fields [26] [27] [28] . The action is given by 
As was pointed out in [15] , the antifield dependent term in M L`2 which contains ‹A˚I nab can be replaced by a term in the small algebra B . We know that θ r pCq obeying sθ r pCq " 0 can be completed to q r p r C, f q that obeys the cocycle relation r sq r p r C, f q " 0 for r s :" s`d in three dimensions, since the f r 's with mprq ą 1 are forms of degree higher than 3, as recalled in section 10 of [15] . Therefore, if instead of the r s -cocycle M r 1 ...r K |s 1 ...s N pθpCq, f q one uses the r s -cocycle obtained by replacing in M r 1 ...r K |s 1 ...s N pθ, f q every θ r having mprq ą 1 by the corresponding q r p r C, f q , still keeping the abelian C I ab 's unaffected, one obtains an equivalent r s -cocycle without any non-abelian ‹AI [15] .
For ghost number 0 and form degree n " 3, we need M 2 and in particular b n´1"2 γ to be of ghost number 1 , so that b n γ has ghost number zero and qualifies for an infinitesimal deformation entering R γ . This means that M is of ghost number 3 and the only possibility then is 3 abelian ghosts in order to reproduce N γ " F I ab B I ab M r 1 ...r K |s 1 ...s N . Therefore one must have M "
We thus remain with S p1q " ş ω 0,3 with ω 0,3 " B 0,3r
and where B 0,3 are just the Chern-Simons forms for the non-abelian factors. The second term is explicitly given by
Hence, by construction, k rI ab J ab K ab s is completely skew-symmetric. When asking for the infinitesimal deformation S p1q to be consistent at second order, 1 2 pS p1q , S p1q q`pS p0q , S p2" 0 , one finds the Jacobi identity for f
, which is the tail of a non trivial cohomology class, be absent. There are no further conditions and there is no need for an S p2q .
Abelian gauge theories
The gauge group contains only free abelian factors without any specification of the Lagrangian at this stage, so that abelian Chern-Simons theory is covered and so is the coset model 5 . The specificity of the models under consideration is that the k α Θ α are given by ΘpC I q , polynomials in undifferentiated free abelian ghosts C I -in this section we drop the subscript f ab on the index I . It also follows that tCI u " tCå , C˚Āu whose indices are lifted with Kronecker deltas. To define W γ , we need a relation N " P Σ pF qF I B I Θ Σ " PĀΘĀ. In ghost number 0, we find P Σ pF qF I k ΣI " kĀPĀ, in ghost number 1, P Σ pF qF I k ΣrIJs " kĀ J PĀ ... with N γ the associated basis. This basis has been explicitly given in (2.5).
and the obstruction equation (3.23) becomes
Pure abelian Yang-Mills theory
Abelian Yang-Mills theory is treated in [9, 29] and in section 13 of [15] . From the current perspective, There are noĀ indices and all indices I are a indices, because all characteristic cohomology in degree n´2 is covariantizable,
In the x µ -independent case, this implies p´q n ‹ F J F I B I Θ J`P Σ pF q n´2 F I B I Θ Σ " 0 by putting to zero derivatives of the F 's. Then both terms have to vanish separately. This can be seen by taking an Euler-Lagrange derivative with respect to A I µ and using the fact that P Σ pF q n´2 F I is a total derivative. This implies B pI Θ Jq " 0 which gives in turn Θ I " B I Θ (fermionic Poincaré lemma). In this case, there are no more obstructions and the cubic vertex comes from rd n xC˚I
sΘ with Θ in ghost number 3. There can be no P A classes since P n « dI n´1 implies P n " 0 when putting to zero all derivatives of the F I µν . There is thus only U,B or I-type cohomology, and the most general infinitesimal deformation is described by n forms U 0,n`B0,n`I n . With only abelian factors, the B 0,n exists only in odd spacetime dimensions n and are characterized by completely symmetric tensors of rank m with n " 2m´1.
Higher dimensional Yang-Mills-Chern-Simons theory
Abelian Yang-Mills-Chern-Simons theory in dimension n " 2m´1 is determined by the action ş
..Jmq is a totally symmetric, constant symbol. We assume linear independence of the n v symmetric tensors of rank m´1 obtained by letting the index I in d IJ 1 ...J m´1 run over its n v values. This is equivalent to requiring that the d symbol does not possess any nul vector, in the sense that
For n " 3, m " 2 , this means that d IJ is a nondegenerate bilinear form on R nv that we take to be δ IJ . Below, abelian indices are lowered and raised with δ IJ and its inverse.
The field equations read 0 «
, where we use the notation
There thus exist characteristic classes that are trivial in H n´1 char pd, Iq:
Jpm´1q . Indeed, our assumption on the symbol d IJ 1 ...J m´1 implies that there are exactly n v independent characteristic classes that are trivial in H n´1 char pd, Iq , so that the indexĀ can be identified with the index I running over the n v abelian factors. In other words, there is no covariantizable characteristic cohomology in degree n´2, there are no k is equal tó ‹ F I . There is thus no U-type cohomology. There is no W -type cohomology either since the spacetime dimension is odd.
In order to construct cohomology classes of R-type as in (3.15), we need to determine (a basis of) the intersection
. From the characterization of Hps|d, Bq in (2.5), this intersection is determined by constants k I α "
In other words, the constants f K I 1 ...I k should be such that
λ Jpm´1q,I 1 ...I k . The symmetry (2.8) then implies the constraint
In particular, for n " 3 with
More generally, this also implies that all N's of form degree n´1 " 2m are N γ 's for particular constants f I J 1 ...J k and d IJ 1 ...J m´1 such that (4.5) is true. Indeed, because a tensor λ Jpm´1q,Irks is an irreducible GLpn v q tensor with symmetry given by the following Young tableau
it can be parametrised as 8) where the latter constraint expresses the subtraction term on the right-hand side of (4.7). Therefore, a fortiori an GLpn v q-irreducible tensor λ Jpm´1q,Irks (with k ď n v ) can be written as a sum of terms of the type given in (4.8):
which is what we wanted to show. According to (3.14) and (2.11), this gives
As we explained above, in the 3-dimensional case n " 3 (i.e., m " 2), the constraint (4.5) can be solved explicitly, which allows to rewrite (4.10) in a more compact way:
In dimension n ą 3 , the obstruction in lifting W n´1 is due to the fact that
Irks is not necessarily antisymmetric. In dimension n " 3 , the constraint (4.5) entails antisymmetry of the f K|Jrks and therefore no obstruction arises in the lift of the 2-form W 2 .
Furthermore, because n is odd, the obstruction equation (4.3) reduces to 13) or, more explicitly,
In the case where the g -invariant local functions in I do not explicitly depend on x µ , there is no solution to the obstruction equation if the first term does not vanish identically. It does vanish if and only if the symbol f K|Jrks " δ KM f M Irks is completely antisymmetric, on account of
In this case, there is no obstruction and no need for I n´1α µ nor K nα µ . This allows us to write R n and W n´1 as follows: 15) with the descent equations sR
In particular, in n " 3 dimensions (i.e. m " 2), it yields
with W 2 already given in (4.11) and Q 1 " pA I`‹ F I q B I Θ . Note that R 3 contains the expected cubic vertices for the 3-dimensional non-abelian Yang-Mills-Chern-Simons theory.
An R-type infinitesimal deformation requires ghost number 0 and thus k " 2, so that (4.4) reduces to
the zero ghost number component of R n being
As before, when asking for the infinitesimal deformation S p1q to be consistent at second order, 1 2 pS p1q , S p1q q`pS p0q , S p2" 0 , one finds the Jacobi identity for f K IJ by asking that the term in CI , which is the tail of a non trivial cohomology class, be absent. There are no further conditions. The constraint (4.5) can then be interpreted as an invariance condition for the totally symmetric d symbol under the Lie algebra g with structure constants f K IJ . The complete deformation does not require further antifield dependent terms. The additional antifield independent terms add up to give the non-abelian Yang-Mills action in dimension n " 2m´1 plus the standard non-abelian Chern-Simons Lagrangian given by the homotopy integral
Axion models in even dimensions
We now consider even spacetime dimension n " 2m with Lagrangian
for some constants t I,J 1 ...Jm , and concentrate on W -type cohomology classes.
The field equations for the n s " n v scalars are responsible for the existence of characteristic classes
I´s K I where K I " ‹φI . In order to find W -type cohomology classes as in (3.19) 
, the W-type cohomology classes are then given by
Infinitesimal deformations require ghost number 0 and thus k " 1. The first term on the right-hand side then exactly reproduces the first order deformation in the Lagrangian (35) of [22] , provided one identifies the constants C I,J 1 ...Jm therein with λ J 1 ...Jm,I .
The examples of this section generalise to arbitrary even dimensions the W -type cohomology classes in 4 spacetime dimensions discussed in section 6.4 of [14] .
Coupled abelian vector-scalar models in four dimensions
The results for this case are discussed in detail in section 3.2 of [14] .
Both hold on account of corollary 11.2 of [15] . Item (iii) has no content for p " 0. Item (iv) holds: if a constant vanishes weakly it vanishes by assumption on the equations of motion.
We will further decompose the induction into three main steps. In step [A], we consider p " m´1 ă n´2 and go to p " m ă n´1 . For step [B] ,we consider the induction going from p " n´2 to p " n´1 and in step [C] we will finally reach p " n .
Proof
A. Assume now that (i), (ii), (iii), (iv) hold at form degrees p " m´1 ă n´2 and let us show that they hold at form degree m ă n´1 . In this case, the proof proceeds exactly like in theorem 11.1 of [15] : R which vanishes for m´1 ă n´2, and thus for m ă n´1 . Hence, K m " 0 which implies that I m´1´Bm´1 " 0 by the usual properties of descent equations. In turn, this implies B m´1 " 0 on account of (ii) that is supposed to hold for p " m´1 , and thus P m pF q " 0 . This proves (iv) for p " m ă n´1 .
(i) The cocycle condition sω m`d ω m´1 " 0 implies that ω m´1 satisfies the similar equation sω m´1`d ω m´2 " 0 and thus that
(B.1) since we assume that (i) holds at degree m´1 ă n´2 and since trivial contributions can be neglected. This implies dω m´1 " dI m´1α Θ α´s pI m´1α rΘ α s 1`Bm`bm q`N m , by virtue of the relation srΘ α s 1`d Θ α " 0 , and the relation (2.4),
When inserted in the equation for ω m and using corollary 11.2 of [15] , we find that dI m´1αP mα pF q « 0 , where N m " P mα Θ α . Since we have already shown that (iv) holds for m ă n´1, we get that
This implies dB m´1`sBm " 0 and dI m´1α « 0 which in turn implies I m´1α « dω m´2α (or constant for m´1 " 0) since there is no non-trivial characteristic cohomology in degree m´1 ă n´2 . Since (iii) is assumed to hold for p " m´1 , we find I m´1 α « dI m´2 α`P m´1 α . By using corollary 11.1 of [15] , this yields
2)
The part P m´1α Θ α can be decomposed in terms of the basis of Hps, Bq consisting of the M's and N's:
0λ . Neither the constant nor N m´1 " 0 will contribute when used to calculate ω m . Since rdI [15] . Taking into account the trivial terms that we have neglected (in particular N m´1 ), we find ω m " I mα Θ α`B m , which is (i) at form degree m ă n´1 .
(ii) Consider ω m " I mα Θ α`B m (we recall that m ă n´1) where sB m`d pB m´1`M m´1 q " 0 . The cocycle condition sω m`d ω m´1 " 0 is satisfied with ω m´1 " B m´1`I m´1α Θ α and where
Since we assume that (ii) holds at form degree m´1 , we find
which gives on account of (iv) that P m´1α " 0 and thus that M m´1 " N m´1 which means that both have to vanish separately, since they are independent elements of the basis of Hps, Bq . It then follows that sB m " 0, which implies that B m " 0 by definition of B m . We thus find
. Applying s to this equation gives sη m´1`d η m´2 " 0 and then, on account of (i), that η m´1 "B m´1`Ĩ m´1α Θ α`sη m´1`dηm´2 . This yields I mα Θ α " spη m´dηm´1´Bm´bm´Ĩ m´1α rΘ α s 1 q`Ñ m`dĨ m´1α Θ α , which implies I mα´P mα´dĨ m´1α « 0 whereÑ m "P mα Θ α . Together with the relation B m " 0 obtained above, this shows (ii) at form degree p " m ă n´1 .
(iii) I m « dω m´1 implies I m " 0 . Using (ii) at m, which we have proved, gives I m « dI m´1`P m . The converse is trivial since P m " dq m´1 .
B. Let us now proceed to form degree p " n´1 .
(iv) For p " n´1 , there is nothing to be proved. Indeed, the condition dq n´2 " P n´1 pF q « dI n´2 means that I n´2´qn´2 is an element of characteristic cohomology in form degree n´2 . But we have assumed that the set of P n´1 A 's form a basis of characteristic classes that are weakly d -exact in I , P n´1 " λĀ P n´1 A
. For later use, we note that it follows from equation (3.11) that P n´1 " λĀpdI n´2 A´s ‹ A˚Āq .
(i) Following the same proof as before when p ă n´1 , we get from sω n´1`d ω n´2 " 0 that
with dB n´2 "´spB n´1`bn´1 q`N n´1 for someB n´1 , b n´1 and N n´1 " P n´1 α Θ α , which is the obstruction to the lift of an element in B . The polynomial in the curvatures P n´1 α " P n´1 α pF q are themselves also obstructions to a lift in the small algebra, being a linear combination of the N's only -the M's explicitly depend on the undifferentiated ghosts. Computing dω n´2 and plugging back into the initial cocycle relation, we find
where Lemma 1 was used, as before. It follows from (iv) at p " n´1 that P n´1α " λĀ α P 
They are related by the cocycle relation sω n´1`dωn´2 " 0 , as can be seen from (3.9) and (3.17). By using (B.3) and (B.5), we find that
Following the same reasoning as the one used after the equation (B.2), this then implieŝ ω n´1 " B n´1`I n´1α Θ α and therefore proves (i) for p " n´1 .
(ii) Consider
Θ α . The assumption that ω n´1 is trivial implies that so is ω n´2 , ω n´2 " 0. We have shown that (ii) holds at form degree n´2, so we get
Since N γ exists only if the form degree n´1 is even and thus n is odd, there is no N γ , nor B n´2 γ for n even, and thus both B n´2 " 0 and B n´2 γ " 0 for n even. For n odd, M n´2 " 0. We also have dpλ
Since the d exact term on the left hand side vanishes, we get that λ γ " 0 since λ γ N γ is s exact only if λ γ vanishes. This then also shows that
« dω n´3 which implies λ aα " 0 since they represent non trivial characteristic cohomology classes. We then remain with P n´2α « dI n´3α . Using (iv) at p " n´2 then gives P n´2α " 0 and then that M n´2 " 0 " N n´2 . It follows that sB n´1 " 0 which implies B n´1 " 0 since B n´1 needs to have a non trivial descent. We remain with I n´1α Θ α " sη n´1`d η n´2 and the rest of the proof goes through as in the proof of (ii) before since one only has to use (i) at form degree n´2 which is of the same form than at lower form degrees.
(iii) I n´1 « dω n´1 implies I n´1 " 0. Using (ii) at p " n´1, which we have already shown, gives I n´1 « dI n´2`P n´1 . The converse obviously holds since P n´1 " dq n´2 .
C. Finally, let us conclude by dealing with form degree p " n.
(iv) For p " n, there is again nothing to be proved. Indeed, we now find that I n´1´qn´1 is equivalent to an element of non-covariantizable characteristic cohomology in degree n´1. But we have assumed that the set of P A 's form a basis of characteristic classes that are weakly d -exact in I , so that P n " λ A P A . For later use, we now note that
(i) We can assume in sω n`d ω n´1 " 0 that ω n´1 is of the form
with dB n´1 "´spB n`bn q`N n , for someB n , b n and N n " P nα Θ α . We then get dω n´1 " pdI n´1α qΘ α´s pI n´1α rΘ α s 1`Bn`bn`λaβ U aβ`λ γ R γ q`N n`r λ aβ p´q n k This equation is equivalent to the obstruction equation (3.23), formulated without antifields and ghosts. Indeed, the weak equality can be replaced by a strong equality with zero on the right-hand side replaced by sp´K nα q with K nα depending linearly on undifferentiated antifields and such that γK nα " 0, -the required modification of I n´1α corresponds to a trivial term in ω n´1 . Those λ aβ , λ γ for which one cannot find a solution to this equation correspond to parts of ω n´1 that cannot give a solution to sω n`d ω n´1 " 0 . Let us denote by µ aβ , µ γ the general solution with non-vanishing first term and particular P , where in the last equality we used (B.11), the cocycle relation sω n`dωn´1 " 0 is seen to be obeyed. As in the proof of (i) for lower form degree above, one then concludes that ω n " B n`I nα Θ α which gives the result.
(ii) Consider ω n as in (3.22) , so that sω n`d ω n´1 " 0 with ω n´1 " B n´1`M n´1`I n´1α µ
Θ α . The assumption that ω n is trivial implies that so is ω n´1 , ω n´1 " 0.
We have shown that (ii) holds at form degree n´1, so we get µ aα " 0 " µ γ which also implies I For n even, M n´1 " 0. We also have dpλ Γ B n´1 Γ q`spλ Γ b n Γ q " λ Γ N Γ . Using this, we find that spB n`λΓ b n Γ q`dpM n´1`Bn´1`λΓ B n´1 Γ q " λ Γ N Γ . Since the second term on the left hand side vanishes, we get that λ Γ " 0. Indeed, λ Γ N Γ is s exact only if it vanishes. This shows that B n´1 " 0 if n is even as well.
The equation forÎ n´1α with λ Γ " 0 now gives λ ∆α j ∆ Θ α « N n´1`d I n´2α Θ α . Since M n´1´N n´1 " P n´1α Θ α " dq n´2α Θ α , we find λ ∆α j ∆ « dω n´2 which implies λ a∆ " 0 since they represent non trivial characteristic cohomology classes. We then remain with P n´1α « dI n´2α . Using (iv) at p " n´1 then gives P n´1α " 0 and then that M n´1 " 0 " N n´1 . It follows that sB n " 0 which implies B n " 0 since B n needs to have a non trivial descent. We remain with I nα Θ α " sη n`d η n´1 . This implies that sη n´1`d η n´2 " 0. Using (i) at p " n´1 we can assume that η n´1 "B n´1`Ĩ n´1α Θ α`ρ aα T aα`ρ γ W γ`sη n´1`dηn´2 . Using dB n´1 "´spB n`bn q`Ñ n and dpĨ n´1α Θ α q " dĨ n´1α Θ α´s pĨ n´1α rΘ α s 1 q gives rI and proves (ii) for p " n.
(iii) I n « dω n´1 implies I n " 0. Using (ii) at p " n, which we have already proved, gives I n « P n`d I n´1 since when Θ α reduces to 1, N 2 α " 0. The converse is again trivial since P n " dq n´1 .
